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Abstract. In this paper, we generalize the main results of [1] and [31] to Lorentz spaces, using
a simple procedure. The main results are the following. Let n ≥ 3 and let u be a Leray-Hopf
solution to the n-dimensional Navier-Stokes equations with viscosity ν and divergence free initial
condition u0 ∈ L2(Rn) ∩ Lk(Rn) (where k = k(s) is sufficiently large). Then there exists a
constant c > 0 such that if
‖p‖Lr,∞(0,∞;Ls,∞(Rn)) < c
n
s
+
2
r
≤ 2, s >
n
2
(1)
or
‖∇p‖Lr,∞(0,∞;Ls,∞(Rn)) < c
n
s
+
2
r
≤ 3, s >
n
3
(2)
then u is smooth on (0,∞)× Rn.
Partial results in the case n = 3 were obtained in [32], [33] and [14]. Our results present a unified
proof which works for all dimensions n ≥ 3 and the full range or admissible pairs, (s, r).
1. Introduction
The n-dimensional Navier-Stokes equations in Rn are given by
∂tu+ (u · ∇)u = −∇p+ ν∆u, (3)
∇ · u = 0, (4)
u(x, 0) = u0(x). (5)
Herein n ≥ 3, x ∈ Rn, t ∈ [0, T ) for some T > 0, u : Rn 7→ Rn is the velocity, p : Rn 7→ R is the
pressure and ν > 0 is the viscosity.
Denote by H(Rn), the L2 closure of the space of divergence free, smooth, compactly supported
functions on Rn. It is a classical result of Leray [18] that for u0 ∈ H(R
n), there exists a solution u
to (3–5) in the sense of distributions (commonly known as a Leray-Hopf solution), such that
u ∈ L∞(0, T ;L2(Rn)) ∩ L2(0, T ;H1(Rn)) (6)
Leray-Hopf solutions also satisfy the energy inequality,
‖u(t)‖2L2(Rn) + 2ν
∫ t
0
‖∇u(s)‖2L2(Rn)ds ≤ ‖u0‖
2
L2(Rn) (7)
for t > 0. It has been known since [18] that smooth Leray-Hopf solutions are unique (in the sense
that they are the only Leray-Hopf solutions satisfying their initial condition). In spite of much effort,
the questions of global regularity and uniqueness of Leray-Hopf solutions remain open. Some partial
progress has been obtained in this direction and is discussed extensively in for instance, [16,17,27,30].
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1
2Although the question of global regularity remains open in general, one can place certain "inte-
grability" assumptions on a Leray-Hopf solution u, to establish global regularity. For instance, it
is a classical result of [25,28] that regularity of u is guaranteed beyond some time T > 0 as long as
‖u‖Lr(0,T ;Ls(Rn)) =
(∫ T
0
‖u‖rLs(Rn)dt
) 1
r
<∞ (8)
where s > n and r satisfy
2
r
+
n
s
≤ 1 (9)
The above condition on r and s is significant because (8) is invariant under the natural scaling of
(3–5), uλ(x, t) := λu(λx, λ
2t). The case s = n,
‖u‖L∞((0,T );Ln(Rn)) <∞, (10)
was established recently in [10] (for n = 3) and its later generalization [9].
The pioneering condition (8) has inspired a large class of Prodi-Serrin type criteria. Instead of
assumptions on u, integrability conditions are placed on ∇u, p, ∇p, ω, etc. Some of these conditions
have also been further generalized using weaker norms. See for example, [8] , [20], [15], [29], [1], [6],
[26], [4], [11], [2], [21], [36], [3], [5], [35], [34], [13], [23], [7], [19] and [24] for several results of this form.
One such generalization is due to Berselli and Galdi [1]. They proved the following.
Theorem 1. Let u be a Leray-Hopf solution to the Navier-Stokes equation with an initial value
u0 ∈ H(R
n) ∩ Ln(Rn). If p ∈ Lr(0, T ;Ls(Rn)) with
2
r
+
n
s
≤ 2, s >
n
2
(11)
then u is smooth on (0, T ]× Rn, and can be extended beyond T .
An analogous theorem was also eventually proven for the pressure gradient. Partial results were
obtained in [1], [37] and eventually extended to the whole range of admissible pairs (r, s) in [31].
The theorem from [31] is as follows.
Theorem 2. Let u be a Leray-Hopf solution to the Navier-Stokes equation with an initial value
u0 ∈ H(R
n) ∩ Lk(Rn). If ∇p ∈ Lr(0, T ;Ls(Rn)) with
2
r
+
n
s
≤ 3, s >
n
3
(12)
then u is smooth on (0, T ]× Rn and can be extended beyond T .
Remark 1. Note that in the assumption on the initial condition, we generally have k = k(s). This
is at least the case for n > 4 in light of the approach of [31]. For n = 3, 4, one may take k = 4 in
light of the method of [37].
In this paper, we aim to extend the above theorems to Lorentz spaces. In particular, we prove
the following results and corollaries. Herein, we also assume u is a Leray-Hopf solution to (3–5)
with pressure p and also that u0 ∈ H(R
n)∩Lk(Rn) where k = k(s) is chosen to guarantee sufficient
spatial integrability in the following proofs.
3Theorem 3. There exists a constant c > 0 such that if
‖p‖Lr,∞(0,T ;Ls,∞(Rn)) ≤ c
n
s
+
2
r
≤ 2, s >
n
2
(13)
then u is smooth on (0, T ]× Rn and can be extended beyond T .
Theorem 4. There exists a constant c > 0 such that if
‖∇p‖Lr,∞(0,T ;Ls,∞(Rn)) ≤ c
n
s
+
2
r
≤ 3, s >
n
2
(14)
then u is smooth on (0, T ]× Rn and can be extended beyond T .
Partial results on regularity criteria for weak-Lebesgue spaces for the pressure and pressure gra-
dient have been obtained in the case n = 3 in [33], [32] and [14]. Our approach presents a unified
method of handling all pairs of appropriate (s, r) in any dimension n ≥ 3
We can also strengthen the assumptions of (13) to obtain the following.
Corollary 1. Suppose we have
‖p‖Lr,r′(0,T ;Ls,∞(Rn)) <∞ (15)
for s > n/2 and r′ ∈ (0,∞) satisfying ns +
2
r ≤ 2, then u is smooth on (0, T ] × R
n and can be
extended beyond T .
Similarly, we have
Corollary 2. Suppose we have
‖∇p‖Lr,r′(0,T ;Ls,∞(Rn)) <∞ (16)
for s > n/3 and r′ ∈ (0,∞) satisfying ns +
2
r ≤ 3, then u is smooth on (0, T ] × R
n and can be
extended beyond T .
Remark 2. In light of Proposition 1, these two corollaries generalize Theorems 1 and 2.
Remark 3. Upon the completion of this paper, a new preprint [14] was posted on arXiv, where
the case n = 3 of Theorems 3 and 4 are proved using similar ideas. We note that the proofs of the
general case requires new ideas and techniques, especially for Theorem 4.
2. Preliminaries
For convenience, we provide the definition and some basic properties of Lorentz spaces. See [12]
for a more detailed discussion.
Definition 1. If (X,µ) is some measure space and 0 < p <∞, 0 < q ≤ ∞, then the Lorentz space
Lp,q(X,µ) is the space of all measurable functions for which the quasinorm,
‖f‖Lp,q(X) :=

p
1
q
(∫∞
0 (df (s)
1
p s)q dss
) 1
q
, q <∞
sups>0 sdf (s)
1
p , q = ∞
(17)
is finite. Here df is defined by
df (s) := µ({x ∈ X : |f(x)| > s}) (18)
4We also recall some basic properties of Lorentz spaces.
Proposition 1 (Basic Properties of Lorentz Spaces).
(1) Lp(X,µ) = Lp,p(X,µ)
(2) ‖|f |r‖Lp,q(X,µ) = ‖f‖
r
Lpr,qr(X,µ) for 0 < p, r <∞ and 0 < q ≤ ∞
(3) ‖f‖Lp,q(X,µ) ≤ C‖f‖Lp,r(X,µ) for 0 < p <∞ and 0 < q2 ≤ q1 ≤ ∞
Lorentz spaces also enjoy a variant of Young’s inequality.
Proposition 2 (Young’s Inequality for Lorentz Spaces [16]). Let 1 < p < ∞, 1 ≤ q ≤ ∞ and
1
p′ +
1
p = 1,
1
q′ +
1
q = 1. Suppose as well that 1 < p1 < p
′ and q′ ≤ q ≤ ∞. If 1p2 + 1 =
1
p +
1
p1
and
1
q2
= 1q +
1
q1
, then the convolution operator,
∗ : Lp,q(Rn)× Lp1,q1(Rn) 7→ Lp2,q2(Rn) (19)
is a bounded bilinear operator.
A consequence of the above proposition is the following stronger variant of the Sobolev inequality
for n > 2,
‖u‖
L
2n
n−2
,2
(Rn)
≤ C‖∇u‖L2(Rn) (20)
Another useful consequence is the following Sobolev-type inequality for weak Lp spaces.That is, for
1
p∗ =
1
p −
1
n and 1 < p < n, we have
‖u‖p∗,∞ ≤ C‖∇u‖p,∞ (21)
There is also a variant of Hölder’s inequality for Lorentz spaces, due to O’Neil.
Proposition 3 (Hölder’s Inequality for Lorentz Spaces [22]). Let 0 < p1, p2, p < ∞ and 0 <
q1, q2 ≤ ∞ satisfy
1
p =
1
p1
+ 1p2 and
1
q =
1
q1
+ 1q2 . Then for f ∈ L
p1,q1 and g ∈ Lp2,q2 we have,
‖fg‖Lp,q(X) ≤ C‖f‖Lp1,q1 (X)‖g‖Lp2,q2 (X). (22)
The constant C depends only on p1, q1, p2, q2.
The following sharper version of a standard interpolation inequality will be crucial in our proof
of Theorem 4 for dimensions n > 4. See Proposition 1.14 of [12] for details.
Proposition 4. Let 0 < p < q ≤ ∞ and let f ∈ Lp,∞(Rn) ∩ Lq,∞(Rn). Then f ∈ Lr(Rn) for
p < r < q and we have
‖f‖Lr ≤ C‖f‖
1
r
−
1
q
1
p
−
1
q
Lp,∞ ‖f‖
1
p
−
1
r
1
p
−
1
q
Lq,∞ (23)
The constant C depends only on p, r, q.
We recall a Lorentz space variant (see [16]) of a standard Calderón-Zygmund type inequality
that allows us to estimate the pressure in terms of the velocity.
Proposition 5. For 1 < p <∞, we have
‖p‖Lp,q(Rn) ≤ C‖u‖
2
L2p,2q(Rn) (24)
Finally, the following “nonlinear Gronwall-type Inequality”, established in [24], is crucial in the
proofs of our theorems.
5Lemma 1. Let T > 0 and ϕ ∈ L∞loc([0, T )) be non-negative. Assume further that
ϕ(t) ≤ C0 + C1
∫ t
0
µ(s)ϕ(s)ds + κ
∫ t
0
λ(s)1−ǫϕ(s)1+A(ǫ)ds ∀0 < ǫ < ǫ0. (25)
Where κ, ǫ0 > 0 are constants, µ ∈ L
1(0, T ) and A(ǫ) > 0 satisfies limǫ→0
A(ǫ)
ǫ = c0 > 0. Then ϕ
is bounded on [0, T ] if ‖λ‖L1,∞(0,T ) < c
−1
0 κ
−1
3. Proofs of Main Results
3.1. Proof of Theorem 3. It clearly suffices to prove the theorem for s, r satisfying ns +
2
r = 2.
Herein, we assume s, r have this property.
There are two cases to consider.
• Case 1. n2 < s ≤
n+2
2 . In this case we have
2s ≤
ns
s− 1
<
2ns
n− 2
(26)
Taking the L2 inner product of u|u|2s−2 and (3) and integrating by parts yields
d
dt
‖u‖2s2s + ‖∇|u|
s‖22 ≤
∫
Rn
|p|
1
2 |p|
1
2 |u|s−1|∇|u|s|
≤ ‖|p|
1
2 ‖L2s,∞‖|p|
1
2 ‖
L
ns
s−1
,2s‖|u|s−1‖
L
2ns
(s−1)(n−2)
, 2s
s−1
‖∇|u|s‖L2
= ‖|p|
1
2 ‖L2s,∞‖|p|
1
2 ‖
L
ns
s−1
,2s‖|u|s‖
1− 1
s
L
2n
n−2
,2
‖∇|u|s‖L2
≤ C‖|p|
1
2 ‖L2s,∞‖u‖L
ns
s−1
,2s‖∇|u|s‖
2− 1
s
L2
≤ C‖|p|
1
2 ‖L2s,∞‖u‖
s−n2
L2s,2s‖u‖
n
2 +1−s
L
2ns
n−2
,2s
‖∇|u|s‖
2− 1
s
L2
≤ C‖p‖
1
2
Ls,∞‖u‖
s−n2
L2s,2s‖∇|u|
s‖
2s+n
2s
L2
≤ C‖p‖
2s
2s−n
Ls,∞‖u‖
2s
L2s,2s +
1
2
‖∇|u|s‖2L2
(27)
It follows that
d
dt
‖u‖2s2s + ‖∇|u|
s‖22 ≤ C‖p‖
2s
2s−n
Ls,∞‖u‖
2s
L2s,2s
≤ C‖p‖
2s
2s−n (1−ǫ)
Ls,∞ ‖u‖
2s(1+ 2ǫ2s−n )
L2s,2s
(28)
Integrating (28) from 0 to t < T and applying Lemma 1 shows that ‖u‖2s is bounded on
[0, T ] provided (13) is satisfied for some small enough constant, c > 0. In particular, this
means u ∈ Lr(0, T ;L2s(Rn)) for r satisfying
n
2s
+
2
r
= 1 (29)
Regularity of u then follows from the classical Prodi-Serrin condition for the velocity u.
6• Case 2: s > n+22
In this case we have
2s <
2s(s− 1)
s− 2
<
2ns
n− 2
(30)
As in the first case, taking the L2 inner product of u|u|2s−2 and (3) and integrating by
parts yields
d
dt
‖u‖2sL2s(Rn) + ‖∇|u|
s‖2L2 ≤
∫
Rn
|p||u|s−1|∇|u|s|
≤ C‖|p|
1
2 ‖L2s,∞‖|p|
1
2 ‖L2s,2s‖|u|
s−1‖
L
2s
s−2
, 2s
s−1
‖∇|u|s‖L2
= C‖p‖
1
2
Ls,∞‖p‖
1
2
Ls‖u‖
s−1
L
2s(s−1)
s−2
,2s
‖∇|u|s‖L2
≤ C‖p‖
1
2
Ls,∞‖p‖
1
2
Ls‖u‖
s−1−n2
L2s,2s ‖u‖
n
2
L
2ns
n−2
,2s
‖∇|u|s‖L2
(31)
Then, by Young’s inequality we obtain,
d
dt
‖u‖2sL2s(Rn) + ‖∇|u|
s‖2L2(Rn) ≤ C‖p‖
2s
2s−n
Ls,∞‖p‖
2s
2s−n
Ls ‖u‖
2s(2s−n−2)
2s−n
L2s,2s
≤ C‖p‖
2s
2s−n
Ls,∞‖u‖
4s
2s−n
L2s ‖u‖
2s(2s−n−2)
2s−n
L2s,2s
= C‖p‖
2s
2s−n
Ls,∞‖u‖
2s
L2s
≤ C‖p‖
2s
2s−n (1−ǫ)
Ls,∞ ‖u‖
2s(1+ 2ǫ2s−n )
L2s
(32)
Regularity of u now follows from the same approach used in case 1.
3.2. Proof of Corollary 1. We proceed in a similar way to [30]. From the proof of Theorem 3,
we have
d
dt
‖u‖2sL2s(Rn) ≤ C‖p‖
2s
2s−n (1−ǫ)
Ls,∞ ‖u‖
2s(1+ 2ǫ2s−n )
L2s
(33)
Now, we observe that for 0 < t0 < T and f ∈ L
p,r(t0, T ) there holds,
‖f‖Lr,r′(t0,T ) = r
1/r′
(∫ ∞
0
(df (s)
1/rs)r
′ ds
s
)1/r′
≤ r1/r
′


(∫ R
0
(df (s)
1/rs)r
′ ds
s
)1/r′
+
(∫ ∞
R
(df (s)
1/r′s)r
′ ds
s
)1/r′
≤ r1/r
′

(T − t0)1/r
(∫ R
0
sr
′−1ds
)1/r′
+
(∫ ∞
R
(df (s)
1/r′s)r
′ ds
s
)1/r′ .
We see in light of Proposition 1 and by taking R sufficiently large and then t0 close enough to T ,
we can make ‖p‖Lr,∞(t0,T ;Ls(Rn)) arbitrarily small. Thus, the claim follows from Theorem 3.
73.3. Proof of Theorem 4. It clearly suffices to prove the theorem for s, r satisfying ns +
2
r = 3.
Herein, we assume s, r have this property. Again, we have two cases.
• Case 1: n3 < s < n
Recall that from the proof of theorem 3, we have for any θ > n2 ,
d
dt
‖u‖2θ2θ + ‖∇|u|
θ‖22 ≤ C‖p‖
2θ
2θ−n
Lθ,∞
‖u‖2θL2θ,2θ
≤ C‖p‖
2θ
2θ−n (1−ǫ)
Lθ,∞
‖u‖
2θ(1+ 2ǫ2θ−n )
L2θ,2θ
(34)
Taking θ = nsn−s >
n
2 and using the Sobolev-type inequality,
‖p‖θ,∞ ≤ C‖∇p‖s,∞ (35)
yields the desired conclusion.
• Case 2: s ≥ n
This case is more technical, but the main idea is similar to the proof of Theorem 3. Indeed,
for some θ > 0 sufficiently large (i.e. θ > s), we can multiply (3) by u|u|(θ−2) and integrate
by parts to obtain
d
dt
‖u‖θθ + ‖∇|u|
θ
2 ‖22 ≤ C
∣∣∣∣
∫
Rn
u · ∇p|u|θ−2dx
∣∣∣∣ := CI (36)
Inspired by the approach of [31], we estimate I in two different ways. Indeed, we can bound
I by
I ≤ I1 :=
∫
Rn
|∇p||u|θ−1 dx (37)
and
I ≤ I2 :=
∫
Rn
|p||∇|u|||u|θ−2 dx (38)
Estimate for I1: We have for some δ = δ(θ, s) > 0 to be chosen later, and Proposition 4,
I1 = ‖|∇p||u|
θ−1‖1 = ‖|∇p|
1
2 |u|
θ−1
2 ‖22
≤ C‖|∇p|
1
2 |u|
θ−1
2 ‖2−δ,∞‖|∇p|
1
2 |u|
θ−1
2 ‖ 2−δ
1−δ ,∞
(39)
Taking δ = 2(θ−s)θ(s+1)−s and apply Holder’s inequality for Lorentz spaces gives
I1 ≤ C‖|∇p|
1
2 ‖2s,∞‖|∇p|
1
2 ‖2s,∞‖u‖
θ−1
2
θ,∞‖u‖
θ−1
2
θ(θ−1)s
θs−2θ+s ,∞
= C‖∇p‖s,∞‖u‖
θ−1
2
θ,∞‖u‖
θ−1
2
θ(θ−1)s
θs−2θ+s ,∞
≤ C‖∇p‖s,∞‖u‖
θ−1
2
θ,∞‖u‖
θs+ns−θn−s
2s
θ,∞ ‖u‖
n(θ−s)
2s
n
n−2 θ
≤ C‖∇p‖s,∞‖u‖
θ−1
2 +
θs+ns−θn−s
2s
θ,∞ ‖∇|u|
θ
2 ‖
n(θ−s)
θs
2
(40)
8Estimate for I2:
I2 =
∫
Rn
|p||∇|u|||u|θ−2 ≤
(∫
Rn
|p|2|u|θ−2
) 1
2
‖∇|u|
θ
2 ‖2
≤ ‖p‖ θ+2
2
‖u‖
θ−2
2
θ+2‖∇|u|
θ
2 ‖2
≤ C‖u‖
θ+2
2
θ+2‖∇|u|
θ
2 ‖2
≤ C‖u‖
θ−n+2
2
θ ‖∇|u|
θ
2 ‖
n
θ
+1
2
(41)
Now, we estimate I by combining the above two estimates. We have by Young’s inequality,
and after possibly relabeling ǫ,
I ≤ I
1
2−ǫ
1 I
1
2+ǫ
2
≤ C‖∇p‖
1
2−ǫ
s,∞ ‖u‖
( 12−ǫ)
θ−1
2 +(
1
2−ǫ)
θs+ns−θn−s
2s +(
1
2+ǫ)
θ−n+2
2
θ ‖∇|u|
θ
2 ‖
( 12−ǫ)
n(θ−s)
θs
+(n
θ
+1)( 12+ǫ)
2
≤ C‖∇p‖
2s
3s−n (1−c1ǫ)
s,∞ ‖u‖
θ+c2ǫ+O(ǫ
2)
θ + ‖∇|u|
θ
2 ‖22
(42)
where c1 and c2 are positive constants. From this, we conclude
d
dt
‖u‖θθ ≤ C‖∇p‖
2s
3s−n (1−c1ǫ)
s,∞ ‖u‖
θ+c2ǫ+O(ǫ
2)
θ
(43)
So, the claim follows by the nonlinear Gronwall lemma.
Remark 4. We remark that the above treatment is necessary in dealing with higher dimensions
n ≥ 4. The proof in [14] takes θ = 4 which is crucial in their being able to take advantage of the
relation div(∇p+ u · ∇u) = 0. As θ ≥ n is necessary to conclude regularity, θ = 4 is sufficient for
n = 3, 4, but not for larger n.
3.4. Proof of Corollary 2. The argument is essentially identical to the proof of Corollary 1, so
we omit the proof.
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